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Abstract 



We construct the Lagrangian for an effective theory of highly energetic 
quarks with energy Q, interacting with collinear and soft gluons. This theory 
has two low energy scales, the transverse momentum of the collinear parti- 
cles, p±, and the scale p\/Q- The heavy to light currents are matched onto 
operators in the effective theory at one-loop and the renormalization group 
equations for the corresponding Wilson coefficients are solved. This running 
is used to sum Sudakov logarithms in inclusive B — » X s ^f and B — > X u lv 
decays. We also show that the interactions with collinear gluons preserve the 
relations for the soft part of the form factors for heavy to light decays found 
by Charles et al., establishing these relations in the large energy limit of QCD. 



1 



I. INTRODUCTION 



The phenomenology of hadrons containing a single heavy quark is greatly simplified 
by the fact that nonperturbative hadronic physics can be parameterized by an expansion 
in Aqcd/^; where m is the mass of the heavy quark. At lowest order, interactions are 
insensitive to the heavy quark mass and spin, leading to new spin-flavor symmetries [[!]. 
These symmetries relate form factors for decays of one heavy hadron to another heavy 
hadron. In Ref. [MH Heavy Quark Effective Theory (HQET) was constructed as a general 
framework in which to explore heavy quark physics. The effective theory allows a systematic 
treatment of 1/m corrections and makes the symmetries manifest. Inclusive decays of heavy 
hadrons involving large momentum transfer to the decay products can also be treated in 
HQET with the help of the operator product expansion (OPE) ||. At leading order the 
parton model results are recovered, and nonperturbative corrections are parameterized by 
matrix elements of higher dimensional operators, suppressed by powers of 1/m. 

Decays of heavy hadrons to light hadrons cannot be treated exclusively with HQET unless 
the four-momentum of the light degrees of freedom are small compared to m. However, in 
regions of phase space where the light hadronic decay products have large energy E ~ m, 
a different expansion in powers of 1/E can be performed. In Ref. [|J Dugan and Grinstein 
used this approach to construct the large energy effective theory (LEET), which describes 
the interaction of very energetic quarks with soft gluons. However, LEET is missing an 
important degree of freedom, namely collinear gluons, and does not reproduce the IR physics 
of QCD ||. In Ref. it was shown that an effective theory including both collinear and 
soft gluons correctly reproduces the infrared physics of QCD at one loop. This collinear-soft 
theory is needed between the scale E and an intermediate scale, below which collinear modes 
can be integrated out. For inclusive decays it was shown that the collinear-soft theory can 
be matched at the intermediate scale onto a theory containing only soft degrees of freedom. 

The power counting in the collinear-soft theory is complicated by the presence of two 
low energy scales, which must be properly accounted for. These scales can be clearly seen 
by considering the momentum of a collinear quark. If the quark moves along the light cone 
direction with momentum Q ~ E ~ m then p = {p + ,p~ ,pj_) ~ <3(A 2 , 1, A), where A is a 
small parameter. Thus pj_ ~ QX is the intermediate scale. With two low energy scales it is 
more appropriate to count powers of A rather than powers of 1/Q |J. This is analogous to 
Non-Relativistic QCD (NRQCD) for bound states of two heavy quarks, where one counts 
powers of the velocity rather than powers of 1/m [|7|]. Constructing such an effective field 
theory bears some similarity to isolating momentum regimes using the method of regions || 
on full theory Feynman diagrams. There are, however, advantages to using an effective field 
theory approach over the method of regions; namely it is straightforward to systematically 
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include power corrections, and it is possible to properly account for operator running, which 
sums Sudakov logarithms. In order to consistently go beyond leading order it is important 
to give a detailed construction of the effective field theory. This was not done in Ref. 0, 
and it is one of the main points of this paper. 

The collinear-soft effective theory can be used to describe both inclusive and exclusive 
heavy-to-light decays. For inclusive decays this theory is valid in the regime where the 
phase space of the decay is restricted such that the final hadronic state is forced to have low 
invariant mass and large energy. This is the case for large electron energy or small hadronic 
invariant mass in semileptonic B — > X u tU decays, and for large photon energy in B — > X s 7 
decays. The Sudakov logarithms that appear in the endpoint regions of these decays can 
be summed into the coefficient function of operators by running in the collinear-soft theory 
between the scale Q and QX, and then running a soft operator from QX to QX 2 . In Ref. § 
Sudakov logarithms at the endpoint of the photon energy spectrum in the decay B — > X s ^ 
were summed in this manner. Here we sum Sudakov logarithms between Q and QX for both 
B — > X s 7 and B — > X u iv. In the ratio of large moments of these decay rates effects of 
physics below the intermediate scale cancel, and we reproduce previous calculations carried 
out using the factorization formalism fl]T0| . 

It is also possible to apply the collinear-soft effective theory to exclusive heavy-to-light 
decays. The form factors for such transitions have contributions from the exchange of soft 
gluons with spectators (soft contributions), as well as from the exchange of collinear gluons 
(so called hard contributions). In this paper we will only consider the soft form factors, even 
though the two types of contributions are believed to be the same order in l/m^ JTT|-|r3"|| . 
In Ref. |T2[] relations among the soft form factors were derived, and it was shown that only 
three independent functions are needed to describe heavy-to-light decays. However, these 
relations were obtained within the framework of LEET, which does not include collinear 
gluons. In this paper we show that the inclusion of collinear modes does not alter the soft 
form factor relations to leading order in A. Since the collinear-soft effective theory reproduces 
the infrared physics of QCD at large energies, this establishes these soft form factor relations 
in the large energy limit of QCD. 

In this paper we give a detailed construction of the collinear-soft effective theory and 
apply it to general heavy to light decays. In section II the Lagrangian for collinear gluons 
and collinear quarks is constructed and the Feynman rules are given. The power counting for 
collinear gluons is formulated in a gauge invariant way. The collinear-soft effective theory 
does not have the same spin symmetry as LEET, but is still invariant under a helicity 
transformation. In section III we construct the heavy to light currents in the effective 
theory at lowest order in A. At this order the effective theory current couples to an arbitrary 
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number of collinear gluons with a universal Wilson coefficient. The one-loop matching for 
the Wilson coefficients are then derived. In section IV the renormalization group evolution 
of these coefficients are computed. Finally, in section V we present two applications of 
this effective theory. First we sum Sudakov logarithms in the ratio of large moments of 
B — > Xg'j and B —>■ X u iv decay rates. Next we show that in the collinear-soft theory only 
three independent soft form factors describe exclusive heavy to light decays, establishing 
these form factor relations in the large energy limit of QCD. The one loop matching onto 
currents in the effective theory allows us to calculate the perturbative corrections to these 
form factor relations in an infrared safe manner. For the ratio of full theory form factors 
these hard corrections agree with Ref. [O . 



II. THE EFFECTIVE THEORY 

Decays of heavy hadrons to highly energetic light hadrons are most conveniently studied 
in the rest frame of the heavy hadron. In this reference frame the light particles move close 
to the light cone direction and their dynamics is best described in terms of light cone 
coordinates p = (p + ,p~ ,p±), where p + = n ■ p, p~ = n ■ p. For motion in the z direction 
we take n M = (1, 0, 0, —I) and = (1, 0, 0, 1), so n • n — 2. For large energies the different 
light cone components are widely separated, with p~ ~ Q being large, while p± and p + are 
small. Taking the small parameter to be A ~ P±/p~ we have 

jf = n ■ p — + (p ± r + n-p— = O(A ) + 0(\ l ) + 0{\ 2 ) , (I) 

where we have used p + p~ ~ p\ ~ A 2 for fluctuations near the mass shell. The collinear 
quark can emit either a soft gluon or a gluon collinear to the large momentum direction 
and still stay near its mass shell. Collinear and soft gluons have light cone momenta that 
scale like k c = Q(\ 2 , 1, A) and k s = Q(\ 2 , A 2 , A 2 ), respectively. For scales above the typical 
off-shellness of the collinear degrees of freedom, k 2 ~ (QX) 2 , both gluon modes are required 
to correctly reproduce all the infrared physics of the full theory. This was described in ||, 
where it was shown that at a scale \i ~ Q QCD can be matched onto an effective theory 
that contains heavy quarks and light collinear quarks, as well as soft and collinear gluons. 

The Lagrangian describing the interaction of collinear quarks with soft and collinear 
gluons can be obtained at tree level by expanding the full theory Lagrangian in powers of 
A. We start from the QCD Lagrangian for massless quarks and gluons 

£ Q cd = *PiIP?P-\g, v G^, (2) 

where the covariant derivative is = — igT a A a ^ and G^ is the gluon field strength. 
We begin by removing the large momenta from the effective theory fields, similar to the 
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construction of HQET ||. In HQET there are two relevant momentum scales, the mass of 
the heavy quark m and Aqcd- The scale m is separated from Aqcd by writing p = mv + k, 
where v 2 = 1 and the residual momentum k <C m. The variable v becomes a label on the 
effective theory fields. Our case is slightly more complicated because there are three scales 
to consider. We split the momenta p by taking 

p = p + k, where p = -{n ■ p)n + p± . (3) 

The "large" parts of the quark momentum n ■ p ~ 1 and pj_ ~ A, denoted by p, become a 
label on the effective theory field, while the residual momentum k^ ~ A 2 is dynamical. This 
is analogous to NRQCD where there are also three relevant scales m, m(3, and m/3 2 (and 
(3 <C 1 is the qq bound state velocity). In NRQCD the three scales can be separated by 
writing P = (m, 0) + p + k where p ~ mf3 and the residual momentum k ~ m(3 2 . In this 
case both the momenta of order m (i.e. (1, 0)), and the momentum of order m/3 are labels 
on the effective theory fields. 

The large momenta p are removed by defining a new field ip n , p by 

lP(x)=J2 e ~ iP ' X Tpn, P - (4) 
P 

A label p is given to the ip ntP field, with the understanding that only the components n ■ p 
and p± are true labels. Derivatives <9 M on the field ip ntP (x) give order A 2 contributions. 
For a particle moving along the n M direction, the four component field ipn,p has two large 
components £„ iP and two small components These components can be obtained from 
the field i/} n>p using projection operators 



and satisfy the relations 



Sn,p ^ Yn,p i Sn,p ^ Yn,p i \<->j 



Wt = t ut =0 

£,n,p = £,n,p ; = . (6) 



In terms of these fields the quark part of the Lagrangian in Eq. (||) becomes 
£ = X ^; ( in ■ D )in, P + £n, P '-(n -p + in- D}^ p 



p-p 



+L, P > (h + 0±)£n,p + Cn, P > + ip±)tn,p] ■ (7) 



Since the derivatives on the fermionic fields yield momenta of order k ~ A 2 they are sup- 
pressed relative to the labels n -p and p±. Without the n ■ D and D± derivatives, £n,p is not 
a dynamical field. Thus, we can eliminate £^ iP at tree level by using the equation of motion 
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heavy quark 


collinear quark 


soft gluon 


collinear gluons 


Field 


K 


Cn,p 


A% 




n ' -^n,q 




Scaling 


A 3 


A 


A 2 


A 


A 2 


A 



TABLE I. Power counting for the effective theory fields. 



(n-p + n- iD)£ n ^ 



(8) 



This is similar to the approach taken in QCD quantized on the light cone |14| and in QCD in 
the infinite momentum frame |0| , where two components of the fermion field are constrained 
auxiliary fields and are thus removed from the theory. Eqs. (0) and @ result in a Lagrangian 
involving only the two components £ n , p :[] 



-i(p—p')-x 



P,P 



n-iD + (^> ± + ip ± 



n ■ p + n ■ iD 



(Al + ip±) 



2 ^ n >p • 



(9) 



Here the summation extends over all distinct copies of the fields labelled by p,p'. Note 
that the gluon field in D^ includes collinear and soft parts, — > A^. + A%. The two types 
of gluons are distinguished by the length scales over which they fluctuate. Fluctuations of 
the collinear gluon fields A^. are characterized by the scale q 2 ~ A 2 , while fluctuations of 
the soft gluon field A^ are characterized by k 2 ~ A 4 . Since the collinear gluon field has 
large momentum components q = (n • q, q±), derivatives acting on these fields can still give 
order A ' 1 contributions. To make this explicit we label the collinear gluon field by its large 
momentum components q, and extract the phase factor containing q by redefining the field: 
A c (x) — > e~^' x A ntq (x) . Inserting this into Eq. @ one finds 



p,v',g 



-i(p—p')-x 



^n,p' 



n-iD + ge-^n ■ A n , q + + ip ± + ge'^^ 



(10) 



1 



x 



■(h + ip± + ge- i "- x 4i 



n ■ p + n ■ iD + ge l i- x n ■ A n>q 
Here the covariant derivative is defined to only involve soft gluons. 



1 Note that Eq. (Q) still includes particle/antiparticle and the two spin degrees of freedom. 
However, on the light cone the spinor for a spin-up (down) particle is identical to that of 
the spin-up (down) anti-particle. See for example, Ref. fll5f . 
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Finally, we expand Eq. ( ]T0|) in powers of A. To simplify the power counting we follow the 
procedure ]T3 of moving all the dependence on A into the interaction terms of the action 



to make the kinetic terms of order A . This is done by assigning a A scaling to the effective 
theory fields as given in Table |. The power counting in Table | gives an order one kinetic 
term for collinear gluons in an arbitrary gauge. In generalized covariant gauge 

J d'xe^ (0| TA£(x)AZ(0) |0> = ^(<r - a—) (11) 

and the scaling of the components on the right and left hand side of this equation agree. [] 
With this power counting all interactions scale as A n with n > 0. Expanding Eq. ( ]IUD to 
order A gives 

C cs = U P (n ■ iD + ^~)^n,p (12) 



P+<1 



an- A I g A 1 ^ I ^ + ^ a A 1 ^ + ^ an A 



x n-p n-(p + q) 71,9 n ■ (p + q) n-p 



i hp 



+ ... + C(A). 



Summation over the labels p, q is understood implicitly. The ellipsis denote terms of the 
same order in the power counting with two or more collinear gluon fields, and arise because 



we expanded Eq. (10) in powers of gA c to obtain the above expression. This expansion was 



necessary to move the collinear gluon phase factor appearing in the denominator of Eq. (10) 
into the numerator. This allowed us to remove the large momentum q from the Lagrangian 
so that all covariant derivatives were truly of 0(X 2 ). The method for including terms of 
higher order in A should be obvious from our derivation. The first few Feynman rules which 
follow from the A terms in C cs are shown in Fig. [1]. 

The first term in Eq. (|l^) gives the propagator for the collinear quarks, which does not 
change depending on whether it interacts with soft or collinear gluons. This is distinct 
from the situation in the method of regions |||, where one must determine the propagator 
on a case by case basis. The interaction with a soft gluon is obtained from the covariant 
derivative term in Eq. flT2|). Also shown in Fig. |I] are the interactions with one and two 
collinear gluons. The collinear gluon interactions are label changing unlike the interaction 
involving soft gluons. Since n- A n ^ q ~ n-p, Eq. ([12|) includes interactions of a collinear quark 
with an arbitrary number of collinear gluons. In Fig. [I] only interactions through 0(g 2 ) are 



2 We have chosen a different counting for the collinear gluon fields than Ref. (where 
A% ~ A). In Feynman gauge there is the freedom to choose any scaling with A^A~ ~ A 2 
(including the choice as in Ref. 0). The choice in Table [I] is preferred since A^ scales the 
same way as a collinear momentum and there are no interactions that scale as 1/A. 
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FIG. 1. Order A Feynman rules: collinear quark propagator with label p and residual momen- 
tum k, and collinear quark interactions with one soft gluon, one collinear gluon, and two collinear 
gluons respectively. 

shown. Note that in the light-cone gauge n ■ A nA = these Feynman rules are the complete 
set, since interactions of a collinear quark with three or more collinear gluons vanish. In 
this gauge similar Feynman rules for collinear gluons have been obtained in the framework 
of light cone QCD [|l7j]. However, the Feynman rules in Fig. [I] can be used in any gauge. 

The LEET Lagrangian corresponds to the £ nj , | n-iD £ njP term in Eq. ( |12"D and is invariant 
under a SU(2) symmetry @Q with generators S 1 = (7°S 1 )/2, S 2 = (7°S 2 )/2, and S 3 = 
E 3 /2 where E* are the standard rotation generators. The collinear soft Lag rangian H> cs has 
less symmetry than LEET because terms with 7^7^ violate the transformations generated by 
S 1 and S 2 . However, C cs is still invariant under a U(l), namely the helicity transformations 
generated by S 3 . Since S 3 = 7 s (1/2 — ifnji/A) and $£ n ,p — the helicity transformation also 
corresponds to the chiral transformation generated by 7 5 /2. 

To complete the construction of the effective theory we have to include heavy quarks. 
This can be done by adding the usual HQET Lagrangian for the heavy quark field h v , 

£hqet = K iv ■ D h v . (13) 
The covariant derivative in Eq. (|13|) contains only the soft gluon field because the heavy 
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FIG. 2. Order a s \° self energy diagrams for a collinear quark. 

quark field does not couple to collinear gluons 0. This is discussed in more detail in the 
next section. 

As a simple application of the Feynman rules consider the order A diagrams for the self 
energy of a collinear quark shown in Fig. ^|. The tadpole diagram vanishes in dimensional 
regularization. In Feynman gauge the remaining diagram gives 

2 jt f d d i f p! + 1>J± , _v v\+hi>^ 

+ 2(rf - 4) ^ + ^ ' P± -(rf-2) f ^L + jjj! + _rf^ > \ "-(P + l 
1 Vp(p + Z) 2 Z 2 1 J ^[n- (p + /)] 2 [n-p] 2 / (p + Z) 2 / 2 J ' 

Here sums over the labels n-l and l± were combined with the integrals over residual momenta 
to give the full d d l measure (c.f., Ref. J7|). The first two terms in Eq. flH| ) correspond to 
the (/x, i>) = (+, — ) and (— , +) polarizations of the exchanged gluon, and the last line to the 
(_L, _L) contribution, respectively. Computing the loop integrals one finds 

+ ffi _ +(p) = i^r (E )I^4^I f-ir (15) 

+ wj-r 4n 2 v ^ r ( 2 _2e) n -p \e^n 2 ) V ; 

ia s C F f r 2 (l-e) f pj ] / -p 2 

i£|_±(p) = : 7T r ( e )F77^ U 1 + e ) (1 - e)n ■ p 1 



4tt 2 w T(2-2e) [ v 'n-p r J \e^tt 2 / 

Here (and in the rest of the paper) we use MS and therefore redefined /i 2 — > fi 2 e jE /(4n) 
The sum has precisely the form of the inverse collinear quark propagator in Fig. [1]: 



a s C F j N T 2 (l-e) p 2 / -p 2 | 



The ultraviolet divergence in this expression is removed by onshell wavefunction renormal 
ization of the effective theory field £ n>p , 

„ ^ a s C F 



Air 



~ - log (- 



-p 2 



+ 1 



(17) 



coincides with the renormalization of the quark field in QCD. This is expected |6j since 
without currents or soft effects the collinear quark Lagrangian simply describes QCD in 
a particular frame. The utility of the two component formalism in Eq. flT2p will become 
evident in the next section where heavy to light currents are discussed. 
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p p 




FIG. 3. Matching for the order A Feynman rule for the heavy to light current with n collinear 
gluons. All permutations of crossed gluon lines are included on the left. 



III. MATCHING THE HEAVY TO LIGHT CURRENTS 



At a scale fi ~ Q the weak Hamiltonian has heavy to light semileptonic or radiative 
operators of the form (TB[ 



H eff = ^VC m (ji)J bad J, (18) 



where V is the CKM factor, J is a non-hadronic current, and the Wilson coefficients C full (/z) 
have been run from the scale [i = m\y down to mt,. In Eq. flUf), the hadronic currents are 
of the form Jhad = qTb and we will consider T = {1, 75, 7^, 7^75, a^, 07^75}. We choose 
this over-complete basis to simplify the treatment of b — > 57. Below the scale Q ~ n ■ p the 
hadronic current can be matched onto currents in the collinear-soft effective theory. This 
introduces a new set of Wilson coefficients Ci(fi). In this section the one loop matching for 
these new coefficients will be performed at fi = m^, while the running will be considered in 
section IV. We could equally well match at // = n • p, but the difference is irrelevant since 
we treat n ■ p ~ mj and do not attempt to sum logarithms of the form ln(n • pjm\). 

Naively, one might expect that at lowest order the effective theory hadronic current 
is J^ad = C(fi)^n iP r h v . However, since the label n ■ p ~ A , the effective theory Wilson 
coefficient can also be a function of n-p. Furthermore, an arbitrary number of fields n-A n q ~ 
A can be included without additional power suppression. At lowest order in A the most 
general heavy to light current in the effective theory therefore has the form 

^had = Co(n • P, AO £n, P r h v + d(n ■ p, n ■ q u fi) £„ iP (g n ■ A n:qi )T h v 

+c 2 (n-p,n- q u n- qz, n) ln, P {g n ■ A n , qi )(gn- A n , q2 )T h v + ... , (19) 

where the ellipsis stand for terms of the same order with more powers of n ■ A n q . The 
coefficients q may also depend on the choice of V. At the scale /1 = the q can be 
determined by the tree level matching calculation depicted in Fig. [| On the left the gluons 
with collinear momenta kick the b quark far off-shell, and integrating out these off-shell b 
quarks gives the effective theory operator on the right. 
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To perform the matching, first consider the simpler case of an Abelian gauge group. In 
this case calculating the full theory graph with m gluons in Fig. |3|, expanding in powers of 
A, and putting the result over a common denominator gives 

1 m 1 

c m (/i = m b ) = — - TT . (20) 

ml t~: n ■ qi 

The factor of 1/m! is from the presence of m identical A c fields at the same point.0 Thus, 
we have the tree level result 



reft 
J had 



fi=m b 



U P exp[ 9 -^^)Th v . (21) 
n ■ q ' 



It is not immediately clear how this result is modified for /i < nib since the infinite series 
of operators in Eq. (|T9"1) could each run differently. However, gauge invariance relates these 
operators, and only the sum of terms in Eq. (|21| ) is gauge invariant. Under a collinear gauge 
transformation a n t q{x), the field h v is invariant since collinear gluons do not couple to heavy 
quarks. On the other hand, the collinear quark field transforms as £ njP — > e ia ^£ niP . Thus, 
the operator £, n , p Th v is not gauge invariant. However, it is straightforward to see that the 
operator in Eq. ([H]) is invariant, and this is done in Appendix It is found that 



'gn-A ntq \ fgn-A n , q 

exp [ — = — > exp — = I exp 

n ■ q J \ n ■ q 



ia{x) , (22) 



and the last exponential exactly cancels the transformation of £ n p . By gauge invariance the 
current therefore has to be of the form in Eq. ( pi]) for an arbitrary scale /i. It is convenient 
to define a field that transforms as a singlet under a collinear gauge transformation 

f -gn-A nA \ 

Xn,p = exp = )U,p ■ (23) 

V n • q ) 

We will refer to Xn,p as the jet field since it involves a collinear quark field plus an arbitrary 
number of collinear gluons moving in the n direction. The relevant label for the jet field is 
simply the sum of labels of the particles in the jet, P — p + X) Qi- in terms of this field the 
leading order effective theory current for QX < /j, < nib has the form 

jZ = C t (fi,n-P) Xn,pTh v , (24) 

with a universal coefficient Cj(/i, n ■ P). The statement that the coefficient only depends on 
the total jet momentum P is non-trivial and is discussed further in Appendix |B[ 



3 Note that in Ref. 0] the Feynman rule with a single collinear gluon (m — 1) has an 
additional ^J^cjnib term which did not contribute to the results there. With the power 
counting in the Table | this term is suppressed by a power of A. 
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= iC(un.P)ra™ E (n^T^)-(^lT^i) 

; y perms [n-gi][n-(gi+g 2 )]---[^-E^Li%] 



FIG. 4. Order A Feynman rule for the effective theory heavy to light current with m collinear 
gluons. The sum is over permutations of {1, . . . , m} and the Wilson coefficient depends only on 
the sum of momenta in the jet, P = p + Y^T=i Qi- 

For a non-abelian gauge group a similar gauge invariance argument applies, however the 
matching in Fig. |3] is more complicated. Eq. ( |24| ) remains valid, but with a more complicated 
definition of the jet field. In momentum space we find 

Xn ' P ^ P ks k\ \[n. qi }[n.{ qi + q2 )}...[n.Y.U qi }) Up ' 1 j 

where the permutation sum is over the indices (1,2, ... ,k). The Feynman rules which follow 
from Eqs. ( p4|) and ( p5|) are shown in Fig. |j. In position space the jet field takes the form 
of a path-ordered exponential 

X„(0) = Pexp (-ig £ dsn ■ A c (sn")) £ n (0) , (26) 

where P denotes path ordering along the light-like line collinear to n. 4 

In the effective theory both heavy and light quarks are described by two component 
spinors, so there are only four heavy to light currents at leading order in A. We choose the 
linearly independent set [x,n,ph v ], [Xn,Plhh v ], and [Xn,Pl±h v ], where 7^ = 7^— n M ^/2— 
has only two non-zero terms. The matching of the heavy to light currents qTb onto operators 
in the effective theory is 

qb^CM[xn,ph v ], (27) 
q^b -> C 2 (aO [Xn,P IsK) , 

g7 M 6 -> C 3 (ji) [Xn,PliK} + {C 4 (/i) + C 6 (ji) Vfi [ [Xn,P i^vl 1 
Titil^b -> C 6 (/i) ze^ [xn,p Tjl^] - { C M n » + C M V /j}[Xn,P , 



4 Path-ordered exponentials are also introduced to sum up the couplings of soft gluons to a 
collinear jet, see Ref. fL9| . 
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Pb fe ^ P 
i ® 3— > 

FIG. 5. Full theory one loop diagram for matching the heavy-light current (denoted by <8>). 
The incoming line is a massive quark and the outgoing line is massless. 

qia^ub -> C 9 (//) (n^ A -n^ tA )[Xn,p7±^] + Ci (/i) ze^ [x„,p 75/^] 

+ Cn(/i) (v^n u - [x„,p/i„] + Cu(fi) [v^guX-Vug^lxn^l^K] , 

<7«V75& -> -[Cg(ii) + Ci 2 (/i)] (m M e^ A - in v e^ x ) [x n ,p lih v ] + Cn(ji) ie^ v [x n ,p K] 
+ Cio(//) (vi„ - ^n M )[x„,p75 ^] + Cia(fz) (iu^ - [x n ,p7j%] , 

where eL, = e^ upa v p n a with e i23 = — 1- From here on the dependence of the Wilson 
coefficients on n ■ P will be suppressed. The relations in Eq. (B7h are validf] to all orders in 
a s and leading order in A. At tree level the matching gives 

Ci A3, 4,6,7,9,10,11 ("ift) = 1 ' Cr o,s,n( m b) = 0- (28) 

To match these coefficients at one-loop, we calculate perturbative matrix elements in 
the full and effective theories. All the long distance physics is reproduced in the effective 
theory, and the difference between the two calculations determines the short distance Wilson 
coefficients. Since the Wilson coefficients are universal the matching can be performed 
for the simpler current £, n ,pTh v rather than the current x n ,pFh v . The calculation is most 
easily performed in pure dimensional regularization. The full theory matrix elements of the 
currents qTb between free quark states are obtained by evaluating the diagram in Fig. |5| 
and multiplying by the wavefunction and current renormalization factors. In d = 4 — 2e 
dimensions the on-shell wavefunction renormalization constants for massive and massless 
quarks are 

Z b = l + -i^(- 7 + 31n-^-4) , Z q = l, (29) 

and the renormalization constants for the scalar, pseudoscalar, vector, axial vector, tensor 
and axial tensor currents are given by 

Z S = Z P = 1- 3 -^, Z V = Z A = 1, Z T = Z T5 = 1 + ^. (30) 
Aire 4ne 



5 An exception is the relation between the coefficients for qia^b and qicr^vlsb which can 
change depending on how 75 is treated in d dimensions. 
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The ultraviolet divergences in the Z's cancel the ultraviolet divergences in the diagram in 
Fig. [|, hence all remaining 1/e divergences are of infrared nature. The b quark and light 
quark are taken to have momenta pt, and p respectively, and we define q = pb — p. Letting 
75 anticommute in d dimensions (the NDR scheme), the final result for the matrix elements 
in the full theory is 



(g|g{l,75}6|6> 



(q\q{l,^}rb\b) 



(q\q{l, l5 }ia^b\b) 



1 - 



s^F 

An 



1 5 ln (S) 21n(l-g 2 ) 1 



+ 2e + 



+ - In 2 (iL) 



1 In (4) - 2 ln(l - g 2 ) In (4) + 2 ln 2 (l - g 

2 v mi ' K mi J 



21n(l - g 2 



7T 



2Li 2 (g 2 ) + — 



12 



u{1,7 6 }m. 



1 - 



a,C 



s^F 

Air 



[1 , 5 , 21n(l-g 2 ) 



+ 2^ + 



In ( A;) - 2 ln(l - <f) In (A.) + 2 ln 2 (l - q 
1 



9* 



7T 



+ ln(l-g 2 ) --3 +2Li 2 (<f) + — + 6 



12 



u s Cf 

AtT 



47T 



|-|ln(i-g 2 ) + 4 ln ( 1 -9 2 ) 



^u{1,7 5 }m 



1 - 



/i 



1 , 5 , 21n(l-g 2 ) , 1 



+ 27 + 



2 V m 2j 



+^ In (^) - 2 ln(l - g 2 ) In (^) + 2 ln 2 (l - g 2 ) 

1 2 1 

+2 ln(l - g 2 ) (- - 2) + 2Li 2 (g 2 ) + + 6 U{1, 75} 



An 



ln(l - g 2 



«{!,7 5 }(pY-f7> 



(31) 



where the hat denotes momenta normalized with respect to m&, so g = q/m^. This full 
theory result can be expanded in A by noting that 



q 



l-n-p + 0(X 2 



(32) 



and that at lowest order we can expand the full theory spinors using Eqs. ( P7D and (|2"S|). 

For the effective theory in pure dimensional regularization the final collinear quark is 
taken on-shell. For momentum labels (n ■ p,p±) this corresponds to choosing this quarks 
residual momentum k such that n ■ p n ■ k + p 2 ± = 0. In this case all graphs in the effective 
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theory are proportional to 1/euv — V e iR = 0- The ultraviolet divergences are canceled by 
effective theory counterterms, and all infrared divergences cancel in the difference between 
the full and effective theories. Thus, from Eq. (|3T| ) the Wilson coefficients at the scale 
H = nib are 



C h2 (m b ) = 1 - a ' ( 7* )CF {21n 2 (n-P) + 2Li 2 (l-n-P) 



Cij(m b ) = 1 



Air 

a s (m b )C F 
Air 

a s (m b )C F 



AlT 

n-P 



2hx\n-P) + 2Li 2 (l-n-P) + ln(n-P) 



21n 2 (n-P) + 2Li 2 (l-n-P) - ln(n-P) 



21n(n-P) vr 2 l 
l-n-P + 12J' 
3n-P-2 s 



7T 

— + 6 
12 



v i-n-p y 

2-4n-P + {n-Pf^ 



'i-n-py 



7T 



C5,8(^fe) 



l-n-P 12 

a s {m b )C F \ 2 



C 9 (m b ) = 1 

Cio,ii(m 6 ) = 1 
C 12 (m 6 ) = 



47T 

a s (m b )C F 
Air 

a s (m b )C F 
An 



2n-Pln(n-P) 
(l-n-P) ' (l-n-P) 2 



+ 



(33) 



7T 



21n 2 (n-P) + 2Li 2 (l-n-P) - 21n(n-P) + ^ + 6 
21n 2 (n-P) + 2Li 2 (l-n-P) + ln(n-P) 



12 

An-P -2" 



l-n-P 



7T 

— + 6 
12 



For the operator C, ntP Th v there is only one particle in the jet, so in that case P = p. In NDR 
the relations amongst Wilson coefficients, C\ = C 2 , C3 = Cq, C4 = C7, C5 = Cs, C10 = Cn, 
and C12 = hold true to all orders in perturbation theory for a massless light quark. This is 
because the transformation, q —>■ 7 5 g is a symmetry of massless QCD and the U(l) helicity 



symmetry of Eq. 
and without 75. 



allows Xm 



l5Xn 



and these transformations relate currents with 



IV. RENORMALIZATION GROUP EVOLUTION 

In this section we calculate the running of the Wilson coefficients in the effective theory. 
The coefficients mix into themselves and satisfy a renormalization group equation of the 
form 

^ C ^) = 7(aO<7(aO • (34) 

The fact that Eq. (|3~4] ) is homogeneous reproduces the exponentiation of Sudakov logarithms. 
In this case it is natural to solve the renormalization group equations for the quantity 
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ccivicic m In 1,1/11 
OCl ICO 111 111 K-J I Li J 


LI 11C lUUp 




"Hrrfifi— 1 nnnc 
till ccMUupo 


LL a n s ln n+1 


1/e 2 






NLL a n s In" 


iA 


l/ £ 2 




NNLL a n s ln n_1 


matching 




i/ e 2 



TABLE II. Coefficients in the effective theory loop graphs which we anticipate are needed to 
predict the series of Sudakov logarithms in lnC(/t/). 



lnC(«). The leading and subleading series of logarithms are determined by the coefficients 
summarized in Table. |I[ From the Table one can see that for coefficients with tree level 



matching, the one-loop matching in section [III] is not needed until NNLL order. 

In section |T| it was shown that the coefficient of the effective theory current Xn,pFh v is 
the same as the current ^ n>p Th v , so only the renormalization of the simpler ^ n>p Th v current 
needs to be considered. At one-loop the effective theory diagrams are shown in Fig. || To 
distinguish UV and IR divergences we choose the collinear quark momentum p = p + k with 
label p — (n-p, 0,p±) and zero residual momentum, k = 0. In this case p 2 = p\ 7^ and this 
off-shellness regulates IR divergences in the diagrams. We will use Feynman gauge. The 
soft diagrams in Fig. || give 



Fig. 6a = ii ntP Th v - 



C F a s (n)C(n) 



Air 



i - - In 



[in - p 
-p\ — it 



2 In 2 



/in • p 
-p\—it 



3tt 2 



Fig. 



iv ■ k 



a s (u)Cj 
4ir 



4-41n 



-2v ■ k—ie 



(35) 



where k is a residual momentum in the heavy quark wavefunction diagram. The order A soft 
wavefunction renormalization of the collinear quark is not shown since in Feynman gauge it 
is proportional to n 2 = 0. Evaluating the diagrams with a collinear gluon in Fig. |6| gives 



Fig. 6c = i^pTh, 



C F a s {p)C{p) 



An 



2 2 2 / u 2 
- + - + - In 2 • 
e z e e V— — 



In 2 



—p ± — le 



+2 In 



-pj_ — ie 



Fig.|d 



if/b p\ a s (/i)CV 



2 n ■ p 
Fig.|e,f=0. 



47T 



+ 4- 



1 

- + 1 

e 



7T~ 



In 



(36) 



The graph in Fig. ^|d was calculated explicitly in section II. 
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a) 



# 



J3_ 



c) 



e) 





b) 



£ 1 



d) 




f) 




FIG. 6. Order A effective theory diagrams for the heavy to light current at one loop. 



From Eq. (^) we see that the logarithms in diagrams with collinear gluons are small at a 
scale [i ~ \J$\_ ~ QX. For the graphs with soft gluons the logarithms are small at a different 
scale /i ~ p\/{n ■ p) ~ QX 2 . Running the collinear-soft theory from \i — Q to \i — QX 
therefore sums all logarithms originating from collinear effects and part of the logarithms 
from soft exchange. At fi = QX collinear gluons may be integrated out and one matches onto 
a theory containing only soft degrees of freedom. The running in this soft theory includes 
the remaining logarithms from soft exchange, which would need to be taken into account to 
sum all Sudakov logarithms. 

To run between Q and QX we add up the ultraviolet divergences in the soft and collinear 
diagrams in Eqs. (|35|) and (^). This gives the counterterm in the effective theory 

a s (ix)C F 



Z i = l + ^^ -2 + -^(-^)+ir ■ (37) 
Air le z e v n • P' ze. 

For b — > S7, n ■ P = raj, and Eq. (|37j) agrees with Ref. 0. Since fi > QX the counterterm can 
depend on the label n ■ P ~ Q, but does not depend on P± ~ QX. Z { could also have been 
calculated directly from the matching result in Eq. fl3"T|). Since the effective theory reproduces 
all the infrared divergences in the full theory, the effective theory UV divergences are simply 
the negative of the full theory IR divergences when pure dimensional regularization is used. 
This alternative approach also gives Eq. (P7|). 

In the effective theory the current ^ n ^Th v factors out of the diagrams in Fig. |6| so it is 
obvious that Z,i is independent of the spin structure of the current. Thus, all the coefficients 
satisfy the same renormalization group equation (RGE) 

d 



^Ci(fi) = 7(/i)Ci(//) . 



(38) 



The LO anomalous dimension is determined by the ln(/z)/e term in Eq. (|37j ) (whose coeffi- 
cient is determined by the 1/e 2 term). The NLO anomalous dimension has a contribution 
from the 1/e terms in Eq. fl3"?D, as well as a contribution from the ln(/i)/e term in the two 
loop Z{ counterterm: 
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lLO 



iNLO 



In 



7T 

5a s (/j,)C F 



n-P 



2C F Bp±\n(^- 

4vr (2vr) 2 V^.p 



(39) 



We have introduced the notation B for the two loop coefficient which has not yet been 
computed with the effective theory. From the results in Ref. we are led to expect that 
B = C A (67/18 - tt 2 /6) - 5n//9. 

Since we wish to run down from [i = m b and n ■ P ~ m b it is convenient to introduce 
the scale m b into the anomalous dimensions. Writing ln(/x/n ■ p) = \ia(fi/m b ) — ln(n-P) and 
noting that the second logarithm is not large, Eq. (|39|) can be written as 

a s (n)C F 



lLO 



iNLO 



In 



7T 

a s (n)C F 
2tt 



- - 21n(n-P) 



2C F B 



(2tt) 2 VmJ 



Using the one-loop running for a s (/i) the LO solution of the RGE is 



In 



Ci(jj) 



-Ci(m b ) 



Hz) 



And 



a s (m b ) P$a s (m b ) 



1 + In z 

z 



where (3q = 11/3(7^ — 2/3rif and 

ai s (p) 



2tt 



(40) 



(41) 



(42) 



a s {m b ) 2tc + f3 a s (m b ) ln(/x/m 6 ) ' 
Eq. pi| ) sums the LL series of Sudakov logarithms between Q and QX. At NLL order we 
include the 'Jnlo term in the anomalous dimension and the two- loop running of a s (fi) in 
7lo and find the following correction to Eq. (41) : 



In 



Ci(m b ) 



NLO 



fi(z,n-P) 



+ 



C F[ 5 



1 — z + z In z 



0o 



- - 21n(n-P) 



In z 



\n 2 z 



2C F B 



(43) 



2 o 



In z 



Here (3\ = 34C^/3 — 10C*a^//3 — 2C F rif, and z is still given by Eq. ([42]). It is easy to see that 
the result in Eq. (|43D is suppressed by an extra a s (m) relative to the result in Eq. fl4~ip . Also 
it is clear that to systematically sum the next-to-leading log series the two loop coefficient 
B is required. 

Combining Eqs. (|4"1|) and ( i5[) the final result at a scale \x ~ QX is 

Hz) 



Ci(n) = Ci(m b ) exp 



+ fi(z) 



(44) 



_a s (m b ) 

For i = {1, 2, 3, 4, 6, 7, 9, 10, 11} the matching starts at tree level and from Table [TT] we see 
that for the LL and NLL solutions the value Ci(m b ) = 1 should be used in Eq. (f4"4"p. The 
coefficients 6*5^,12 (wb) are zero a ^ tree level, and inserting their one- loop matching values 
from Eq. ([33]) into Eq. (04j) gives their LL and NLL series of logarithms. 
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V. APPLICATIONS 



A. Inclusive decays 

It is well known that the OPE for heavy-to-light decays converges only for sufficiently 
inclusive variables. If the available phase space is restricted such that only a few resonances 
contribute to the decay the assumption of local duality no longer holds and the OPE fails. 
If, however, phase space is restricted such that highly energetic jets with small invariant 
mass dominate the decay, only a subset of terms in the OPE are enhanced. It is possible 



to resum this subset of terms into a universal structure function |p0 |. In the same region of 
phase space large Sudakov logarithms spoil the perturbative expansion and thus have to be 
summed as well. This summation was carried out for the endpoint of the leptonic energy 
spectrum in inclusive B — > X u iv decays and the endpoint of the photonic energy spectrum 
in inclusive B — > X s ^ decays B|21"H using perturbative factorization fll9f . In a subsequent 



work ]T0[ endpoint logarithms in the hadronic mass spectrum of B — > X u lv decays were 
summed within the same approach. In M it was shown that the result for B — > can be 
reproduced using the effective field theory. 

In this section we consider B — > X^ and B — > X u lv decays at the endpoint of the 
photonic energy and hadronic invariant mass spectrum, respectively. We define kinematic 
variables 

s = — 2 , h= , (45) 

ml rrib 

for B — ► X u iv decays where p u is the momentum of the u quark. For B — > X s 7 decays we 
define 

2f • q , ,„ s 

x = , 46 

m b 

where q is the photon momentum. The endpoint regions mentioned above correspond to 
1 — x ~ So/h ~ A.QCD/n^b- Thus, the invariant mass of the light jet is of order ^Jm b AQ C D, 
and the power counting parameter satisfies A 2 ~ kQ CD jra h . At tree level, integrating out 
collinear modes by performing an OPE in the collinear-soft theory and matching onto soft 
operators gives 

df s _ 1 dT s 

-dx- = W^ = { ' } 
d 2 f lt 1 d 2 T„. 



2h 2 (3-2h)(B\0(z)\B) , (47) 



dzdh rl ^ dzdh 

where z — 1 — s /h. Here we defined the tree level decay rates in the parton model 
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r(°) 



G 2 F 

1927T 3 



v ub \ 2 ml rf) 



G 2 F 
32vr 4 



fulll2 
7 



m 



6 ' 



where C7 1111 is the Wilson coefficient of the weak operator mediating the b 
transition |18| and we neglect contributions from operators other than O 



full 
7 • 



appearing in Eq. ( f47|) is defined as [pCfl 

0(y) = h v 6(iD+ + l-y) h v , 



(48) 

— > s radiative 
The operator 



(49) 



where the covariant derivative D + = D + / m b includes only soft gluons. The matrix element 
of this operator between S-meson states is the light-cone structure function of the B meson. 
At higher orders in perturbation theory the differential decay rates can be expressed as 
convolutions of short distance coefficients with the operator 0(y). Defining moments of the 
decay rates 



df u (N) 


1 / 


dh 


r! 0) Jo 






r s (N) = 


ri 0) ^0 



dz z 



N- 



dxx 



N- 



d 2 T 

dzdh 

-idr s 



dx 



(50) 



undoes the convolution, and makes comparison to existing results in the literature straight- 
forward. Let /i ~ QX be the scale where collinear modes are integrated out. At this scale 
the moments of the decay rates are 



dT u (N) 
dh 



2h 2 (3 - 2h)C(fM), hm b ) 2 (0(N; /i ) ) 



T s (N) = C^ ,m b ) 2 (O(iV;/i )) 
where the operator 0(N; /i ) is defined as 



O(N ]f i )= f'dyy^Oiy;^) 
Jo 



(51) 



(52) 



Various coefficients Cj(/z,n • p) can contribute to the decay rates in Eq. (51). However, at 
NLL order we only need the tree level matching at /i = m b in Eq. ([28|). Furthermore, at the 
scale fio = m^/y/N large logarithms are not introduced when matching onto the operator 
0(N, fi ) 0. At this scale to NLL order we therefore only need tree level matching onto the 
operator 0(N, m b / \/~N). Since between /i = m b and /1 = m b /yN all coefficients Cj(/i, n ■ p) 
have universal running the result can be written in terms of a single coefficient C(fi,n ■ p), 
where C(m b , n ■ p) = 1 and runs according to Eq. (|4~^). 

The running of C(fi, n -p) does not reproduce the full set of Sudakov logarithms because 
at jj, = m b /\fN there are additional large logarithms in the matrix element of 0(N,fx). It 



20 



has been shown that these additional logarithms arise from purely soft gluons and can be 
summed by running from /x = m b /\/N to [L = m b /N ||. However, taking the ratio of the 
decay rates in Eq. (BO) these matrix elements cancel: 



r s (iv) 



df u {N) 

dh 



2h 2 (3 - 2h) 



C(no,m b h) 
C(fi , m b ) 



(53) 



Thus, all the Sudakov logarithms in the ratio of rates are calculable from the running of the 
Wilson coefficients in the collinear soft theory. Using Eq. ( f44[) this leads to 



1 dt u {N) 



2h 2 (3 - 2h) exp 



ACf 



\n(h) \n(z) 



T S (N) dh \ Po 

where = a s {[i) / a s {m b ) is evaluated at ji = m b /\fN. This result agrees with Ref. (10 



(54) 



B. Exclusive decays 



As another application of the results obtained in sections II and III, we investigate 
exclusive heavy to light decays. The nonperturbative physics of such decays is given in terms 
of form factors. For B decays to pseudoscalar and vector mesons they are conventionally 
defined as 



(P(p)\qYb\B(p b )) = f + (q 2 



j, u _ m 2 B -m 2 P ' 



[P(p)\qta^q u b\B(p b )) 
(V(p,e*)\qYb\B(p b )) 



Pb+P^~ 

2 



+ fo(q 



9 q i 



m B + mp 



q (Pb+P 11 ) - (m 2 B -mp)q> x 



2V(q 2 



m B + m v 



ie^ pa e* v (p b ) pPa , 



■ q 



(V(p, e*)\qYlsb\B(p b )) = 2m v A (q 2 ) — ^ q» + (m B + m v ) A^q 2 ) 



A 2 {q 2 



e ■ q 



m B + m v 



q- 



e *tj, _ 



■ q 



q* 

(V(p,e*)\qia^q v b\B(p b )) = -2 T\(g 2 ) ie^ e* v (p b ) pPa , 



(V(p,e*)\qia^ 5q „b\B(p b )) =T 2 (q 2 ) (m B - m v ) e*» - (e* • q) (p£ + 



+ T 3 (q 2 ) (e*-q) 



q 



m B — m\ 



ifb+P" 



(55) 



where q = p b — p. For decays in which the final light meson has large energy we can use 
the effective theory to gain additional information on these form factors. Using Eq. (|27|) the 
matrix elements in the full theory are given by matrix elements in the effective theory 



21 



{M\qTb\B) ^Y, C ^){M n ,p\Xn,pFih v \H v ) + AF r . (56) 
i " 

Here M = P,V correspond to the light pseudoscalar and vector meson states in the full 

theory, and M n .p and H v are the states of the light and the heavy mesons in the effective 

theory, respectively. The first term in Eq. (|56|) is the soft contribution, while the second term 

indicates the so-called hard contributions p2|JT3| . For the soft form factor the offshellness of 

the light quark p 2 q = 2Ek + where k + ~ Aq CD , thus A 2 ~ AQ CD /m b , just as for the inclusive 

decays. The AFp term in Eq. ( |5^D involves interactions where a collinear gluon is exchanged 

with the spectator in the B meson. In Ref. |n| it was argued that these spectator effects 



are the same order in A and l/m b as the soft contributions, but can be regarded as being 



suppressed by a power of a s (y i^Aqcd)- They are therefore just as or more important 
than the one- loop corrections to the matching coefficients C;(/x) given in Eq. (|33j) . Here 
we will apply the effective theory to the soft contributions and leave the hard spectator 
contributions for future investigation. 



In Ref. 0], Charles et al. showed that in heavy to light decays, in which both the 
heavy and light quark interact solely via soft gluons, there are only three independent 
matrix elements. Charles et al. derived their result by combining HQET with LEET and 
using the fact that the HQET spinors describing heavy quarks, h v and the LEET spinors 
describing highly energetic quarks interacting with soft gluons, £ n , have only two independent 
components. Using the relations j)h v = h v and i/i£ n = they showed that at leading order 
in 1/E (where E is the energy of the light meson) matrix elements of all hadronic currents 
in LEET are determined by only three independent functions. Unfortunately, LEET is not 
sufficient to describe heavy to light decays because it omits interactions with collinear gluons. 

However, as pointed out in section II the spinors in the effective theory describing highly 
energetic quarks interacting with both soft and collinear gluons still have two components. In 
Eq. (^) we see that there are only four independent heavy to light currents in the collinear 
soft effective theory. For decays to pseudoscalar mesons like the ir and K the matrix elements 
of these currents are 

(P n \Xn,pK\H v ) = 2E((E), 

(Pn\Xn,Pl 5 h v \H v ) = 0, 

(Pn\Xn,Pllh v \H v ) = 0, (57) 

while for decays to vector mesons such as p and K* they are 

(V n \xn,p h v \H v ) = , 
(V n \Xn,Pl 5 h v \H v ) = -2m v (\\{E) v ■ e* , 

(V n \Xn,Pllh v \H v ) = 2EC±(E)ie^et, (58) 
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where ef = e^^v^Ur and we are using relativistic normalization for all effective theory 
states. Thus, there are still only three linearly independent soft form factors in the complete 
effective theory. Together with Eq. (|27| ) these matrix elements determine that at tree level 
the heavy to light form factors are 



U(q 2 ) 

AM 2 ) 
Ti(q 2 ) 
Ao(q 2 ) 



am, 

-■2E( ± (E) 
C±(E), 



Ml 2 ) 

A 2 (q 2 ) 

Uq 2 ) 



2E((E) , 
2E( ± (E) 



fAq 2 ) 
V(q 2 ) 

T 3 (q 2 ) 



--C(E), 
C±(E), 
-■C±(E), 



(59) 



In deriving these relations we have dropped terms suppressed by mpy/E since these cor- 
rections are expected to be just as large as A suppressed power corrections which are not 
included. Thus, Q\\(E) only appears in the purely longitudinal form factor A (g 2 ). Taking 
this into account our results are in agreement with Ref. [|1^ . 

From the results in section [TIT] we can obtain some more information on the heavy to 
light form factors. The results of Eqs. (^) and ( |3"BD determine the perturbative corrections 
to Eq. ([59]). Hard corrections do not break the symmetry relations between effective theory 
matrix elements, but do change the relation between form factors in the full and effective 
theory. We find 



U(q 2 

h{q 2 
Mq 2 
A 2 (q 2 
V(q 2 
Uq 2 
Uq 2 
T 3 (q 2 
A (q 2 



((E) [C 4 + EC Bj 
((E)2E [C 4 + C 5 (l-£) 
<(E)C U , 
( ± (E)2EC 3 , 
C±(E)C 3 , 
(±(E)C 3 , 
(x{E)C 9 , 
( ± (E)2EC 9 , 
(±(E)C 9 , 

Cn(E) \C, + C 5 (1-E) 



(60) 



In Ref. 23 



where Cj = Ci(2E) and we have used the helicity relations given below Eq. (| 
it was pointed out that the ratios, V/A% and T1/T2 do not receive perturbative corrections 
due to the fact that interactions which flip the helicity of the energetic quark are suppressed 
by l/E. From Eq. ( |B"0"D we see that in fact at leading order in A the soft contributions to 
the form factors {^1,^2,^} and {Ti,T2,T%} are related to all orders in a s . Furthermore, 
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since the RGE's for all currents are identical any ratio of soft form factors are independent 
of Sudakov logarithms. 

At one loop the hard corrections to ratios of the form factors in Eq. fl55|) were previously 
calculated in Ref. [[13]. Since the authors used LEET as their effective theory their matching 
calculation was not infrared safe and the overall normalization of the low energy matrix 
elements was unknown. However, it was noted that this problem cancels out of ratios of 
form factors because the infrared divergences in the full theory are universal. Our results in 
Eq. (160|) do not suffer from this problem because the collinear-soft effective theory has the 
same infrared divergences as QCD. Taking ratios of the form factors in Eq. (|60|) , substituting 
the results in Eq. (|33|) , and expanding in a s (m b ), our results for the hard corrections to the 
soft form factors agree with those of Ref. Jl3| . 

As an application, consider the zero in the forward-backward asymmetry of the rare decay 
B — > K*£ + £~, which gives a relation between the Wilson coefficients Co u11 and Cl u11 |E4|.|25l 



Re 



cn«o) 

c™ 1 



So 



Ai (s ) 



{m B - m K * 



+ vW) {mB + mK *' 



(61) 



where here Sq ~ 3 GeV is the value of q 2 where the asymmetry vanishes. It was noted 



in Ref. |25| that in the ratio of soft form factors the effective theory form factors cancel. 
Ignoring again the hard spectator contributions and the higher order effect of the mass of 
the K* we find 
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2E 



2E, 



(62) 



where the perturbative correction from the soft form factor is in agreement with Ref. |L3 
There are additional order a s corrections to Eq. 



2j) from collinear gluon exchange with the 
spectator in the B, which can be found in Ref. ||13|| . Although Sudakov logarithms do not 
effect the ratio of purely soft form factors, they may suppress the soft contribution relative 
to that from collinear gluon exchange. 



VI. CONCLUSIONS 

In this paper we investigated in detail the collinear-soft effective theory, which describes 
highly energetic particles with low invariant mass. The degrees of freedom in this theory 
consist of collinear quarks and gluons with momenta scaling as k c = Q(X 2 ,1,X) and soft 
gluons with momenta scaling as k s = Q(X 2 , A 2 , A 2 ). We gave a detailed derivation of the 
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collinear-soft Lagrangian with the intent of making it straightforward to go to subleading 
orders in A. In addition we derived the effective theory heavy-to-light current at order A . 
For decays of heavy particles there are regions of phase space where this theory applies, 
namely when the hadronic decay products are light and are produced with large energy. 
The currents mediating these decays are given by four linearly independent operators in 
the effective theory. We performed the matching onto these operators at the one loop level 
and calculated their renormalization group evolution from the hard scale Q ~ to the 
intermediate scale QX. 

We considered two applications of the collinear-soft theory: inclusive and exclusive de- 
cays. In the inclusive case we focused our attention on the radiative decay B — > Xgj and 
the semileptonic decay B — > X u lv in the endpoint region of large photon energy and of 
low hadronic invariant mass, respectively. At leading order the OPE in the effective theory 
gives a bilocal operator whose matrix element is the universal nonperturbative light cone 
structure function of the B meson. As is well known, in the ratio of large moments of these 
two decays this structure function cancels. As a consequence the Sudakov logarithms in 
this ratio are entirely determined by the running in the collinear-soft theory as discussed in 
Section [V A| . Our result is in agreement with previous literature P,|T0| . 



For exclusive decays we investigated the relationship amongst form factors in the large 



energy limit of QCD. In Ref. ||T2[ it was shown using LEET that there are only three 
independent soft form factors at leading order in an expansion in inverse powers of the 
energy of the light quark. However, since LEET does not include collinear gluons it does 
not correctly reproduce the IR logarithms of QCD, and the relevance of this result is not 
immediately obvious. We showed that the presence of collinear gluons does not spoil the 
relations among the soft form factors, therefore establishing these results in the large energy 
limit of QCD. Finally we used the one loop matching of the currents in the effective theory to 
relate the full theory form factors to the three independent matrix elements in the effective 



theory. Our analysis confirms the corresponding results in Ref. [|13j, but with an infrared 
safe definition of the matching coefficients. 
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APPENDIX A: COLLINEAR GAUGE TRANSFORMATIONS 

In this appendix we discuss the collinear gauge invariance in the soft-collinear effective 
theory. For simplicity we will restrict ourselves to the abelian case. From the general set of 
gauge transformations U(x) = e ia ^ x \ where 

iP( x )^U(x)iP(x), A^x) -+A ll {x)--rf{x)d lt U{x), (Al) 

the collinear transformations belong to a subset where dfj,a(x) scales like a collinear momen- 
tum. To make this scaling explicit we decompose an arbitrary collinear gauge transformation 

as 

U{x) ee J d'Q e*- f3(Q) = E c* 5 - , (A2) 

Q 

where (n • Q, Q±, n ■ Q) ~ (A , A, A 2 ) and the sum is over Q = (n ■ Q, Q±). For notational 
convenience we will suppress the dependence of (3q on x~ henceforth. 

In Section II the full quark field was decomposed into components £ n ,p{ x ) which no longer 
depend on the large phases e~^' x . Under the collinear gauge transformation in Eq. ( |A2| ) we 
have 

E < ""%,.,(•'') - E E e-Vt-Q-Pq i n , p (x) = £ e-*« E Pq in, P+Q {x) . (A3) 

P P Q P Q 

Up to terms suppressed by powers of A the x dependence of £ n)P can be ignored and the 
Fourier components must agree, so 

£n, P 0) -> E PQ-P €n,Q(x) . (A4) 

Q 

Thus, the collinear gauge invariance simply corresponds to a "reparameterization" invariance 
of the theory under changes to the effective theory labels. Similarly, for the collinear gluon 
field with label q we find 

E e-^A^x) - E ^ x A^ q {x) + - E e- { «- x E Pr+q [/W - ^(3 Q ] , (A5) 

<? 9 " R Q 

so the components transform as 
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K - + - g E [ - 



(A6) 



Using the transformation properties flAJ) and (|A6|) for the collinear quark and gluon field 
respectively, it is easy to see that the soft-collinear effective Lagrangian in Eq. ([LC]) is gauge 
invariant. To see this, it is sufficient to note that the following combination of collinear fields 
transforms in the same manner as the collinear quark field in Eq. (|A3|) , 



(A7) 



The derivation is somewhat tedious, so we will not display the details. However, we note that 
to derive this result it is necessary to make use of the unitarity of the gauge transformation, 
lft(x)U(x) = 1 which implies 



J2_P Q P* P e^ Q - p > x = l. 
P,Q 

Finally, we show that the jet field Xn,p from Section III, 

Xn,P = E <*P (E 9 -^A £n,p , 

is invariant under the collinear gauge transformation in Eq. ( |A2| ) . We have 

-iq-x 

n ■ q 



(A8) 



(A9) 



Xn,P 



E< 



-vp-x 



exp 



E < '" •' ^-^ + E e — E n ■ Q Pq (3* q+Cj 



n ■ q 



Comparing Eqs. (|A1|) and (|A5|) and using n ■ d0Q = gives 



i n 



da(x) = ^e- iA - x (3* R+Q (3 Q (-in-Q). 

R,Q 



Y.Pr-vUr- (A10) 

R 



(All) 



Integrating this result with respect to n • x/2 and taking the exponential gives the relation 



exp [ > , e 
R,Q 



°Pr+q Pq - 



iR-x n* 



j—ia(x) 



E e ~^' x A 



tLJ x a* 

Q ■ 



(A12) 



Substituting Eq. (|A12j ) into Eq. ( |A10|) and shifting p — > R — p leaves 

-iq-x 9™ " 



iR-x 



e """exp 



E- 



P Q 



(A13) 



where in the last step we have used the unitarity relation in Eq. ( |A8| ) and the definition in 
Eq. (|A9|) . Thus, the jet field is invariant under a collinear gauge transformation as expected. 
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APPENDIX B: RENORMALIZATION OF THE CURRENT IN THE 

COLLINEAR-SOFT THEORY 

In Section III we quoted the renormalization constant of the current operator Xn,pTh v 
in the collinear-soft theory 

Z =1 + ^(I + ! log ^L_ + l). (Bl) 
47r \e z e n ■ P ze/ 

This was obtained by computing the renormalization of the term $, ntP Th v which is the first 
term obtained using the expansion of Xn,p m Eq. fl2"5]). However, the renormalization con- 
stant ( |Blp depends only on the large component of the jet momentum n ■ P, which enters as 
a label on the jet field Xn,p- This is a nontrivial consequence of collinear gauge invariance 
and is essential for a consistent renormalization of the collinear-soft effective theory. For 
example, in the collinear diagram in Fig. |6]c the Wilson coefficient depends on only the sum 
of the collinear gluon and quark momentum in the loop. Thus, it depends only on p and 
not on the loop momentum. 

In this Appendix we illustrate this property of the current by explicit calculation of the 
corresponding renormalization of the one collinear gluon term in the expansion of Xn,pFh v . 
For simplicity we will work with an Abelian gauge theory (QED), for which this expansion 
has been given explicitly in Eq. (|2T|) (with P = p + for each term) 

g - g 2 

Xn,pFh v = £ n pTh v — — — £, n ,pn ■ A n q Th v + — = £n,p^ • A nqi n ■ A n q2 Th v + • • ■ . (B2) 

n ■ q n ■ q^n ■ q 2 

The diagrams contributing to the renormalization of the second term in this expansion 
are shown in Figs. and |8|. We will work throughout in Feynman gauge. The diagrams in 
Fig. |^(a) and Fig. ||(a) have been computed already; the external gluon momentum q does 
not enter the loop integral, so they can be simply extracted from the corresponding results 
for in tP Th v (Eqs. ©): 

7(a) + |(a) = {-J-i n , p n ■ A n:q Th v ) ■ [ \ + - + - log -J±- + const ) . (B3) 
n ■ q An \e z e e n- p J 

Furthermore, upon examining the Feynman rule for the two collinear gluon coupling in 
Fig. [I], one can see that the graph in Fig. |8](c) vanishes in Feynman gauge. We will show in 
the following that the net effect of the two remaining graphs Fig. 0(b) and Fig. |](b) is to 
change n ■ p in the argument of the logarithm in ( |B3| ) to n ■ (p + q) , corresponding to the 
total momentum P = p + q carried by the jet. 

For simplicity we will take the external momenta p, q to be off-shell and to have vanishing 
transverse components, p = (p + ,p~,0±) and q = (q + , g_,0j_). With this choice the soft 
diagram Fig. 0(b) reduces to one term, 
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a) 



b) 



D q 



3>- 



FIG. 7. One-gluon diagrams contributing to the soft gluon renormalization of the current op- 
erator x n Th in an abelian gauge theory. The crossed dot denotes one insertion of the operator 
Xn~Th v . 






FIG. 8. Collinear gluon renormalization of the current operator XnFh with one external 
collinear gluon. The crossed dot denotes one insertion of the operator x n Th v . 



7(b) = -if 



d d l 



\£,n,p n ' A n ^ q Th v ) fi 



2c 



(27r) d [n ■ I — p 2 /n ■ p][n ■ I — (p + q) 2 /n ■ (p + q)][v ■ 1} [l 2 ] 



(B4) 



The integration is performed most easily in light-cone coordinates I = ,l±), where the 

l + integral can be done by the method of residues. We obtain 



7(b) = {£ n , P n ■ A n)q Th v ) 



g 3 i fi 

37T 2 n ■ q 1 e 



In 



n • (p + q) 

n ■ p 



+ const 



1. 



(B5) 



Since this graph does not give a contribution to (£ n)P n ■ A n;q Th v ), it does not contribute 
to the renormalization of the current. However, the resulting divergence seems to require 
a new truly non-local operator. We will show that this contribution cancels in the sum of 
diagrams. 

The collinear graph in Fig. ||(b) can be written as 



8(b) = • A ntq Th v )h 



where 



d d l n- (p + l)n- (p + q + l) 
(2n) d n ■ 1(1 + p) 2 (l + p + q) 2 l 2 
d d l l\ 



(B6) 

(B7) 
(B8) 



(27r) d n-l(l+p) 2 (l + p + q) 2 l 2 ' 

Once again the integration is simplified by using the method of residues on the l + integral 
Explicitly, we find 
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87r 2 n ■ q 
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■ — < - In 



n • g 47T I e 



n • (p + <?) 

n ■ p 
n ■ p 
n • (p + q) 



+ const 



+ const 



(B9) 
(BIO) 



Thus, the first term in l\ cancels the UV divergence in Eq. ([Bo]), as required. The divergent 
term in I 2 converts the label in Eq. ( |B3| ) from n-p to n- (p+q). As advertised, the remaining 
UV divergence depends only on the total jet momentum P = p + q: 



7(a, b) + |(a, b, c) = (-r^£n,p™ • A n>q Th v ) ■ ^ ( + - + - log — ^ + const) . 



n • q 



n-P 



(BH) 



After adding the contributions from the heavy quark and collinear quark field wavefunction 
renormalization, we reproduce the renormalization constant Z in Eq. ( |BT|) (after taking the 
color factor Cp — > 1). With similar techniques we have also checked that this holds for the 
renormalization of the term in Eq. (|B2| ) that contains two collinear gluon fields. As argued 
in section III, collinear gauge invariance forces all the terms in the sum in Eq. (|B2| ) to be 
renormalized in the same way, with a Wilson coefficient which depends only on the total jet 
momentum. The explicit calculations in this Appendix agree with this result. 
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